A hybrid approach, namely the finite element-analytical method (FEAM), is newly proposed and implemented for electromagnetic field analysis of electric machines with free rotation. The key is to derive a new analytical expression of the airgap field which can naturally couple with the finite element fields of both the stator and rotor. The proposed FEAM is exemplified by using two practical machines. The accuracy and validity are verified by comparing with both the finite element method and experimental results.
I. INTRODUCTION

W
ITH ever increasing demand of machine performance, the corresponding analysis approaches are continually fueled by computational electromagnetics. The analytical approach takes the advantages of fast computation and closed solution, but is ill-suited to practical machines with complicated or new structure [1] . The numerical approach can readily be applied to various machine structures, but generally suffers from lengthy computational time. The finite element method (FEM) is the most popular numerical approach. Since the knowledge of parameter variations with respect to rotor positions is crucial for the machine designer, the FEM is further extended by incorporating time stepping [2] . However, as the machine rotates, the finite elements in the airgap are inevitably distorted, leading to deteriorate the accuracy. In order to solve the aforementioned problem, the concept of hybrid approaches [3] , [4] was proposed which combines both the analytical solution and the FEM. In [3] , the Neumann boundary condition was used to couple between the analytical solution in the airgap region and the FEM equations in the stator and rotor regions. However, the calculation of Neumann condition involves additional computation. In [4] , the Neumann condition was assumed to be zero. But, it is inappropriate. Also, these two hybrid methods were exemplified by using idealized or slotless machines, which are far from enough to testify their accuracy and validity.
In this paper, a hybrid approach, namely the finite elementanalytical method (FEAM), is newly proposed and implemented for electromagnetic field analysis of electric machines with free rotation. A new analytical solution of the airgap region will be derived, which can naturally couple with the FEM equations of both the stator and rotor regions. 
II. PROPOSED FEAM
For a two-dimensional problem in electric machines, the magnetic field can be described as (1) where is the magnetic reluctivity, is the magnetic vector potential, and is the current density. The variational formulation of (1) is by minimizing the energy functional : (2) where is the solution domain, S and S are the Dirichlet and Neumann boundaries, respectively, and is the tangential component of magnetic field intensity on the Neumann boundary. In this paper, both the stator outside radius and rotor inside radius belong to S , and is the boundary value of on S which is set to zero. By applying the standard FEM to (2), the system equation in matrix form can be obtained as (3) where is the stiffness matrix, and are the vectors of magnetic vector potentials and forcing functions, respectively.
In order to incorporate the analytical solution into the FEM, is divided into three components:
where and are the energy functionals of the stator and rotor regions, respectively, which will be handled by using the FEM, and is the energy functional of the airgap region which will be handled by analytical solution. It should be noted that the slots in the stator and rotor are incorporated by the stator and rotor regions, respectively; hence the slotting effects are inherently handled by the FEM. To couple the analytical solution of the airgap region with the FEM equation of both the stator and rotor regions, both the stator-airgap and rotor-airgap boundaries need to satisfy the Neumann condition. Since these boundaries 0018-9464/$20.00 © 2006 IEEE can be selected in such a way that there are no current sources involved, must maintain continuity across the boundaries. Therefore, instead of directly calculating to ensure its continuity, the natural continuity of is simply adopted as the coupling scheme.
Because of no current source in the airgap region, the magnetic field can be described by the Laplace equation: (5) where is the rotor-airgap boundary radius, and is the stator-airgap boundary radius. So, the general solution of (5) is given by (6) where and are constants, and is the number of periodicity which is greater or equal to unity. If the machine adopts integral-slot windings, will be the number of pole pairs. If adopting fractional-slot windings, will be the number of equivalent pole pairs according to the periodicity. From (6), the two airgap flux density components can readily be calculated. The general expression of in (4) is given by
Hence, by substituting and into (7), it yields
The values of at both the stator-airgap and rotor-airgap boundaries can be expressed by Fourier series in terms of the coefficients and . Comparing them with the coefficients in (6), the constants and can readily be deduced. Hence, by substituting these constants into (8) and defining can finally be obtained as
By minimizing with respect to and on the statorairgap and rotor-airgap boundaries, respectively, their contributions to the matrix can be derived. In this way, the difference between the proposed FEAM and the standard FEM is the modification of in (3) . It can also be deduced that the contributions of to the matrix are symmetric. Since the modified matrix retains the property of symmetry, the traditional computational approach developed for the FEM can be directly employed by the proposed FEAM.
It should be noted that the mesh grids within the stator and rotor regions keep unchanged when the rotor freely moves to any position. The necessary work is to simply perform the coordinate transformation of rotor nodes for each rotation. This feature is very important to calculate those position-dependent parameters such as the back EMF, inductances, and torque, as well as the dynamic performances.
III. VERIFICATION
Firstly, numerical verification is performed. Rather than adopting an ideal or slotless machine, a practical permanent magnet brushless DC (PMBDC) machine with open-mouth slots, so-called the Machine I as shown in Fig. 1 , is adopted because the variation of magnetic field nearby the slots is serious and its calculation is challenging. Fig. 2 shows the airgap flux density with the radius on the stator-airgap boundary resulted from using the FEAM in which there are 3389 elements (with no airgap element) and 1833 nodes, whereas Fig. 3 shows the counterpart resulted from using the standard FEM in which there are 3878 elements (with highly dense airgap elements) and 2008 nodes. It can be found that the agreement is very good, hence numerically verifying the accuracy of the proposed FEAM. It should be noted that the FEAM can save computational time due to the use of fewer number of nodes, but it needs additional time to calculate the analytical expressions and hence to modify the matrix . So, the overall computational time of the FEAM is similar to that of the FEM.
Secondly, experimental verification is performed. A practical outer-rotor PMBDC machine with 22 poles and 24 slots, so-called the Machine II as shown in Fig. 4 , is prototyped for experimentation. To illustrate the unique feature of FEAM, the no-load EMF is calculated for each rotor step of 2 . Fig. 5 shows the magnetic flux density distributions of the Machine II at two typical rotor positions. The corresponding flux linkage and hence the no-load EMF waveforms are shown in Figs. 6 and 7, respectively. Under the same operating condition, the no-load EMF waveform of the prototype is measured as shown in Fig. 8 . It can be found that the calculated and measured EMF waveforms have a very good agreement, hence confirming that the FEAM can allow for the machine with actual free rotation.
Therefore, it is verified that the FEAM takes the benefit of high accuracy when repetitive calculations under different rotor positions are required. Of course, the FEM still takes the benefit of high generality. 
IV. CONCLUSION
A hybrid approach, namely the FEAM, has been presented for electromagnetic field analysis of electric machines with free rotation. Since there are no meshes in the airgap region, the problems of mesh distortion and highly dense airgap meshes are totally eliminated. The accuracy of the proposed FEAM has been numerically verified by comparing with the standard FEM in which highly dense airgap elements are required. Moreover, the validity of free rotation of the FEAM-analyzed machine has been experimentally verified by comparing with the measured no-load EMF waveforms.
